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ABSTRACT: We prove the equivalence of a recently suggested MHV-formalism to the stan-
dard Yang-Mills theory. This is achieved by a formally non-local change of variables. In
this note we present the explicit formulas while the detailed proofs are postponed to a
future publication.
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1. Introduction

Recently, a new approach to the perturbative calculations in Yang-Mills (YM) theory has
been suggested by Cachazo, Svréek and Witten (CSW) [[l]. In this new formalism, the
vertices are obtained from the so-called MHV-amplitudes (i.e. the amplitudes maximally
violating the helicity) by a suitable continuation off shell. This technique was shown to
reproduce all known gluon tree amplitudes and predicts a number of new results [J. The
successful generalization for the one-loop amplitudes has been also developed [f]] although
a new additional vertex has to be added at one-loop level in YM theory without super-
symmetry. The MHV-like diagrams for the gravity case have been formulated as well [{].
A complete list of references can be found in [f].

In this paper we address the question of equivalence between the MHV diagrams and
the conventional YM perturbation theory expansion. The MHV diagram rules can of course
be described with help of an action functional, which we call the CSW action. It turns
out that there exists a change of variables transforming the standard YM action to the
CSW action. The formula for such a change of variables is obtained as follows. First, we
recall a certain solution to the self-duality equation which serves for a swift derivation of
the MHV-amplitudes [, [f. This self-dual gauge field can be continued off shell in the
spirit of ref. [[[] and provides very explicit change of variables which brings YM lagrangian
in the light-cone gauge into the form of CSW lagrangian. At present, we can check this
by a brute-force calculation only and feel that a better, more conceptual understanding of
our result is needed. This is despite the fact that the formula for the change of variables is
perfectly explicit and the geometrical origin of the self-dual solution behind it seems to be
well understood. Therefore, we give here those explicit formulas and postpone the detailed

proofs to a future publication.



The paper is organized as follows. First, we remind the MHV diagram rules (section [)
and present the YM action in the light-cone gauge (section [§). Then, in section [ we
describe a solution to the self-duality equation which is relevant to the MHV-amplitudes.
A change of variables in the light-cone YM action, which renders it to the CSW action, is
introduced in section f|. Some open questions are mentioned in the concluding section.

2. MHYV diagrams

Let us remind main points concerning MHV diagrams. The basic ingredient is MHV
(=—,+...+) amplitude describing the tree scattering of two gluons of negative helicity
and arbitrary number of positive helicity gluons. The amplitude turns out to be a simple
rational function of on-shell momenta of massless particles and reads as [§, [

(1,2)*
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where the on-shell momentum of massless particle in the standard spinor notations reads as
Pai = AaXa, A and A, are positive and negative helicity spinors. Inner products in spinor
notations read as (A1, \a) = €A = (1,2) and [\, \o] = Eabj‘(llj‘g These amplitudes were
interpreted as correlators in the auxiliary two-dimensional theory in [[(] and in terms of
topological string on twistor target space in [[L1]]. There are no amplitudes with zero or one
negative helicity gluons at the tree level however these amplitudes emerge at one-loop level
in the YM theory without supersymmetry [@] For instance, one-loop all-plus amplitude
reads as
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It was suggested in [] that conventional YM diagrams in both supersymmetric and
non-supersymmetric gauge theories can be reorganized in the different way which nowadays
is known as MHV diagrams or CSW lagrangian. The building blocks of this diagrammat-
ics are MHV vertices extended off-shell and the canonical propagator % involving (+-)
degrees of freedom and connecting two MHV vertices. The continuation off-shell suggested

in [ for A in any internal line reads as
Aa = Paan’ (2.3)

where 7 is arbitrary spinor fixed for off-shell lines in all diagrams relevant for a given
amplitude.

At higher loops the situation turns out to be more subtle at least in the theory without
supersymmetry. The non-vanishing all-plus one-loop amplitude can not be derived from
MHYV vertices only that is why it was suggested in that one-loop all-plus diagram has
to be added to the CSW lagrangian as a new vertex. It was also argued that there is no
need to add one-loop vertex (—,+...+) to new lagrangian. The situation in SUSY case
is more safe since these amplitudes vanish however even in this case it is unclear if new
vertices have to be added to reproduce higher loops results.



In spite of the considerable success of this approach its conceptual origin remained
obscure and it was unclear how these effective degrees of freedom involved into the CSW
lagrangian are related with the conventional YM gauge fields. It is the goal of this paper
to argue that these effective degrees of freedom emerge from the standard YM variables in
the light-cone gauge upon the particular ”dressing ” procedure.

3. Yang-Mills on the light cone

In this section we briefly discuss YM theory in the light-cone gauge which involves only
two physical degrees of freedom. The lagrangian of YM theory in the light-cone variables
has been found in N=4 SUSY case [[3, [[4]. In what follows we shall exploit Mandelstam
two-field formulation [[[3] which has been successfully used recently in one-loop calculations
in YM theories with different amount of supersymmetry [[§]. Two fields ®; and ®_ are
related with the physical transverse degrees of freedom of the gluon as follows

D_(2) = 07 Alw), B (e) = D A(w) (3.1)

We shall be interested in the non-supersymmetric theory with the action in A, =0
gauge
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where 0 = %(811 + i0,,) is derivative with respect to the transverse coordinates xy, z2

and 0 = 0*. The action contains local and non-local triple vertices as well as non-local
quartic vertex.

Let us make a few comments on the form of the action (B.2). First note that it involves
two fields of dimensions 0 and 2 hence positive and negative helicity fields enter lagrangian
asymmetrically. In particular, vertex (—+ +) is local in the coordinate space while (— —+)
is not. There are two classes of solutions to the equations of motion which correspond to
the self-duality and anti-self-duality equations written in a little bit unusual form, namely

(I)f — 0 \:‘(I)+ — (q>+, (I)+) (33)

and
o, =0 0o ={o_,9_} (3.4)

where the schematically written r.h.s. are obtained by the variations of the cubic terms in
the action (B.2).

Note that the truncation of the light-cone action to the first two terms which amounts
to the self-dual equation of motion for the negative helicity field has been discussed in
the context of MHV amplitudes in [I7]. However this truncation evidently can not be
equivalent to the full YM theory we are dealing with. The action (B.J) is gaussian with
respect to both fields that is one of them can be integrated out yielding highly nontrivial
effective action with a non-canonical kinetic term for the other.



4. MHYV vertex from self-duality equation

The essential ingredient of the MHV diagrams is MHV vertex and in this section we shall
argue that solution to the self-duality equation with the particular boundary conditions
serves as the generating function for all MHV amplitudes. This fact has been recognized
some time ago by Bardeen [ff] and has been elaborated further in [, [[d—[[§]. In what follows
just this solution to the self-duality equation provides the desired change of variables from
conventional YM to MHV formalisms.

Let us briefly remind the derivation of the perturbiner solution to the self-duality
equation following [[f]. The self-dual perturbiner yields the form-factor of the one off-shell
gluon between the vacuum and arbitrary number of gluons of the same helicity, momenta p;
and color orientations ¢;. The starting point is the transition to the twistor representation
with the additional spinor homogeneous coordinate p® on the auxiliary CP'. The self-
duality equation in the twistor representation is equivalent to the zero-curvature condition

[VaVsl =0 (4.1)

where V4 = p*V4 . Hence the solution to the self-duality equation can be represented in
the following form
Ay =g ' Oag (4.2)

where 0y = p“Os,a , Aa = p*Aa,o and g is group valued function depending on p and z, as
well as on the quantum numbers p; and ¢; of the external particles. We assume that A4 is a
polynomial of degree one in p. Then the group element necessarily has to be meromorphic
function of p of degree zero such that connection A is regular at the poles.

The perturbiner is defined as a solution to the self-duality equation of the shape of a
formal expansion in the (non-commuting) variables F; = tjeipf“:, which are essentially the
plane waves of the external gluons of the same, say positive, helicity. That is we look for
the group element providing the solution to the zero curvature equation in the following
form

gptb(p) =1+ Zgj(P)Ej +o 4t Z 9j1..51 (p)Ejl .- 'EjL ey (4-3)
J Ji-dr
where different terms with L of E’s correspond to different color orderings in the form-
factors with L external particles. The regularity of the connection at the poles leads us
immediately to a unique solution for coefficients of the expansion of g (p) [:

N {p, q)
Gir..j1(P) = {p, j1){j1, J2) g2, J3) - - - Ur—1, L) (4.4)

where the so-called reference spinor g, is the one which enters into the polarization vectors
Y
oo = datg-
The corresponding connection A, can be found upon the substitution of the solution
into (.9). Let us note that perturbiner solution itself is localized on the line in the twistor
space if one performs half-Fourier transforms for all massless particles involved in the form-

factor similar to [[LT].



The perturbiner solution describes form-factor or off-shell current of the form
(Aa,a(k))ky ...k, Where the gluon with momentum £ is off-shell while all other gluons are
on-shell and have the same helicity. Using the explicit form of the solution one can verify
that this form-factor has no pole in k2 and, hence, gives zero upon the application of the
reduction formula. This corresponds to the vanishing of the amplitude with all but one
gluons of the same helicity.

To get MHV amplitudes from the perturbiner solution one has to consider the lin-
earized YM equation in the background of the perturbiner. The most compact form of the

generating function for MHV amplitudes has the following structure [f]

M (ky, ko) = (1,2)? / d*aTrErg,, Eagpn), (4.5)

where k1, ko are momenta of the negative helicity gluons and plane waves corresponding
to the positive helicity gluons are substituted into g,u. The group elements which depend
on the twistor variable have to be taken at points p; corresponding to the momenta of

negative helicity gluons.

5. Change of variables

Let us turn to the central point of our paper and describe the proper non-local change of
variables. First, let us comment on the choice we shall make in a moment. In the light-cone
action there is nontrivial (— + +) vertex which has to be absent in the CSW lagrangian.
That is change of variables has to provide the removal of this term. It enters the equation
of motion for ®, which reduces to the self-duality equation if ®_ = 0. Hence we expect
that change of variables we are looking for should map self-duality equation to the Laplace
equation. Actually perturbiner solution to the self-duality equation does this job.

To describe new variables precisely let us represent combination involved in the equa-
tion of motion for the light-cone variable ®; at ®_ = 0 in the form

Db, + (D, Dy) = 04 F'(¢1, 05 ' 0py) (5.1)

where the following notation is assumed §F = F'(¢,d¢). Now introduce new variable ¢,
by
O = F(oq) (5.2)

The convenient choice for the second field ¢_ is dictated by the canonicity of the (+—)
propagator in new variables which yields

O =0 F'(¢4,010-) (5.3)
The correct form of the propagator can be checked with the help of relation
/d4$TT[F/(¢, V)0 F (¢, u)] = /d4xTT[u8+3v] (5.4)

valid for arbitrary u and v.



Now we are ready to make a link with the previous section. It turns out that

F(p1) = 04 g (61)09pm (64 (5.5)

where group element in (.F) is effectively continued off-shell. That is the off-shell field ¢
is considered in g, instead of the plane wave and momenta of plane waves are substituted
by the corresponding derivatives

., =07 5.6
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n>1

n

where 0, = Oq,i; acts on the k-th term in the product. Effectively the change of variables
above kills (++—) vertex in the action and maps solution to the self-duality equation to the
solution to the free Laplace equation. The rest of the check concerns the interaction part
of the lagrangian. We have verified that (— — +) and (+ + ——) vertices in the light-cone
lagrangian get combined together into the correct interaction terms in CSW lagrangian.
That is we have argued that change of variables from light-cone YM fields yields at the tree
level both correct propagator and vertices in the CSW lagrangian. Hence just fields ¢_ ¢
play the role of twistor degrees of freedom corresponding to positive and negative helicities.
The technical details concerning the change of variables shall be presented elsewhere.

Let us make a few comments on the one-loop extension of the CSW lagrangian. As we
have already mentioned in the non-supersymmetric case it has to be extended by all-plus
one-loop amplitude. The possible origin of such correction is clear in our approach - there
is jacobian of the change of variables. We have not proved that jacobian reproduces the
desired answer but there are several arguments favoring this possibility. Naively the change
of variables discussed is expected to be canonical that is if we would work with the system
with finite number degrees of freedom then it would equal to one. However the theory
at hands enjoys infinite dimensional phase space hence one could expect the anomalous
jacobian of the canonical transformations. Second argument concerns the form of the
naive jacobian which involves only powers of ¢, as expected. Moreover if the additional
one-loop term follows from the jacobian indeed then the absence of such terms in SUSY
case could be attributed naturally to the standard SUSY cancellations.

Note that in principle the second similar change of variables can be done which would
kill the (— — +) vertex as well. Upon this change the action would involve only quartic
and higher interaction terms however the possible usefulness of such action is unclear to
us at present.

6. Discussion

In this short note we questioned the relation between the conventional YM variables and
effective degrees of freedom in the CSW lagrangian. The answer turns out to be remark-
ably simple - they are related just by the non-local change of variables. Tree diagrams
are perfectly reproduced upon this change while the evident candidate for the one-loop
completion of the action is the corresponding jacobian. Moreover our consideration implies
that one should not expect additional terms in the CSW lagrangian at higher loops.



The immediate question in our approach concerns the twistor interpretation of the
suggested change of variables. We expect that the interpretation of the perturbative YM
theory in terms of the string on the twistor manifold [[1]] matches the twistor interpretation
of the perturbiner developed in [{f]. Of course the most interesting question raised in
concerning the expected relation with some hidden integrability-like structure responsible
for the nullification of the infinite number of tree amplitudes remains open. Nevertheless
we believe that our work could be useful for this line of reasoning.

There are several possible generalizations. First, supersymmetric case can be con-
sidered along this way starting with the corresponding light-cone formulation [[1J]. The
perturbiner solution in the supersymmetric case has been found in [Ig]. It is known as well
for the gravity case [20]. One more line of generalization concerns QED with massless or
massive fermions. Recently MHV-type technique for tree QED was developed [R1] which
naturally captures the soft photons limit while the example of the stringy picture for MHV
QED amplitude has been found in [2Z]. The change of variables could be found in this case
as well and we expect that effective fermionic fields in MHV formulation of QED involve
original fermions dressed by the infinite number of positive or negative helicity photons.
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